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1 Microscopic theory of radiation

2 Lorentz invariance and second quantization

2.1
2.2

a. In a collision or decay the total energy Er = ) . E; and total momentum pr = >, p; are always
conserved. In the center of mass pr = 0 and E.p, = 2E},,ton- For a particle with a non-zero mass, the
total energy is given by

E = ymc?
with v = + We therefor have
1— vpar;icl,e
Ee, = 27mp7’ot0n02

and thus

1

v=4/2(1l- =)
42

It gives v — ¢ = 2.69309841m.s~! (Wolframalpha result)

b. Considering two particles p; and ps, the relative velocity of py in the frame of p; (or the opposite)
is given by :
— Up: + Upy

- Upy Upg
1+ 22

Here we have : vy, = vy, = Uproton- 1f we do the computation we obtain v = 2.9979245799999999 x 10° ~ ¢
(Wolframalpha result)

2.3

a. From the equipartition theorem we know that
1
< E>= kT
2
withk, the Boltzmann constant. Because the photon can have two polarization state we have
< Ephoton >= kT = 2.353 x 10~ *eV

. [Wolframalpha result


https://www.wolframalpha.com/input?i=c-%28sqrt%28%281-1%2F%2814TeV%2F%282*%28proton+mass%29*c%C2%B2%29%29%5E2%29*c%C2%B2%29%29
https://www.wolframalpha.com/input?i=2*%28sqrt%28%281-1%2F%2814TeV%2F%282*%28proton+mass%29*c%C2%B2%29%29%5E2%29*c%C2%B2%29%29%2F%281%2B%28sqrt%28%281-1%2F%2814TeV%2F%282*%28proton+mass%29*c%C2%B2%29%29%5E2%29*c%C2%B2%29%29%C2%B2%2Fc%C2%B2%29
https://www.wolframalpha.com/input?i=%28Boltzmann+constant+%29*%282.73+kelvin%29+in+eV

b. We consider the following collision :
p+y—>p+m°
We can write in the lab frame

pT,initial - pp,min + p'y

For the final state we have :

PT,final = Pp T Pro
_(Ey/c Eo/c
P, final = < ﬁp ) + ( ]77,0

The minimum energy is required when particle are produce at rest in the center of mass frame, i.e.
ﬁp + ﬁﬁo =0

o ((Ep + éE’ﬂo) /c) _ ((Mp +6M,,o)c>

The square o total four momentum is Lorentz invariant, i.e.

( LAB )2 _ (ngM 2

2 LAB 2 coM
P initial ,initial) = (pT, final) = (PT,fmaz)

So we have for the initial state :

(pT,initial)2 = p?y,mzn + 2pp,minp'y + p?y

From the definition of the four-momentum we have pzymm = M§c2 and p% = 0. We need to compute
2P, minP~- In high relativistic regime we have E2, ;. = m2c* +p2 i, ¢ & P2 i€ 50 Py min = Ep min/c.
We therefor have for the proton four-momentum vector :

= Ep min/c
pp,mzn Ep,min/c

For the photon we obtain a similar vector with a minus sign for the momentum (as they collide) :

e~ ()

It leads to :

p%,initial = pfy,min + 2pp,min Py
1
= Me® + =5 ((Bpmin + By)* = (Bpmin = E5)?)

4Ep,minE7

_oag2.2
—Mpc+ 2

For the final state we have :
(pT7final)2 = (M;D + MWO)QCQ

So we obtain

2?4 Hpmindn _yp g2

p 02
o (Mt M) — M)
p,mwn — 4E,Y

By min ~ 2.885 x 102V

(Wolframalpha result)


https://www.wolframalpha.com/input?i=%28%28%28mass+proton%29%2B%28mass+pion%29%29**2-%28mass+proton%29**2%29*c**4%2F%284*%282.353%C3%9710%5E-4+electronvolts%29%29

c. The relativistic momentum is expressed as : p = ymv. Using the definition of gamma we can express

the velocity as :
p

2
\ym?+ &

In the center of mass frame the outgoing particles are both produced at rest, which means that in the
lab frame they have the same velocity, i.e :

v =

VUp = Ugo
Pp o Pro
M2 P B 2 P2
P + = M7TO + c2
p
Pp = Pro
PP

Momentum conservation gives us :

DPp,initial + D~,initial = Pp, final + Pro, final

M0
Epmin/c— Ey/c=pp fina(1 + M )
P
Epmin/c — Ey/c
Pp, final = M
1+ 37)

The energy of the proton can be calculated with :

Ey final = \/ M2 + 2 i ai€?
~ 2.5221710%0eV

(Wolframalpha result)

2.4

We consider the transformation :
Y : (ta x,Y, Z) — (t7 x, Y, Z)

It is consider as a Lorentz transformation if it preserve the Minkowski metric, i.e. :
ATgh=g

In our case Y = diag(1,1, —1,1) clearly satisfy the relation. Moreover one can remark that :

1 0 0 O 1 0 0 0 1 0 0 0

01 0 0] |0 cosm O sinm 0 -1 0 0

0 0 -1 0] (O 0 1 0 0o 0 -1 0

0 0 0 1 0 sinm O cosmw 0 O 0 -1
Y Ry (0=m) P

As a product of a discrete and continuous Lorentz transformation it is continuous one (i.e. not discrete).

2.5

The Compton scattering is the quantum theory of high frequency photons scattering following an inter-
action with a charged particle, usually an electron.

a. Specifically, when the photon hits electrons, it releases loosely bound electrons from the outer valence
shells of atoms or molecules. In fact other interactions with the electron are negligible compared with
the energy transferred between the photon and the electron (for X-rays the energies exchanged are in the
keV range and vastly greater than typical electron binding energies in atoms).


https://www.wolframalpha.com/input?i=sqrt%28%28mass+proton%29**2*c**4%2B%28%28%28%282.885+%C3%97+10**%2820%29eV%29-%282.353+%C3%97+10**%28%E2%88%924%29eV%29%29%2Fc%29%2F%281%2B%28mass+pion%29%2F%28mass+proton%29%29%29**2*c**2%29

Figure 1: Compton Scattering

b. The momentum conservation gives us :
ﬁei +ﬁ'y = ﬁef +ﬁ'~/’
ﬁv = ﬁef + ﬁ’y’
S SN2 2
(p’Y - p’Y/) = pef
2 _ 95 .5 2 .2
Py — 2Py - Py) + p5 = Doy
P2 = 2pypyr cos O + pl, = pZy

From energy conservation we also have :

E.; + E‘,y = Eef + E’Y,

mec® + pyc = y/m2ct +p2ct 4 pyc

(mec?® + PyC — p.y/C)Z —m2ct = pifcz
D5+ Py + 2mecpy — 2mecpy — 2pypyr = Py
Replacing pﬁ ¢ we obtain:
—2pypyr €OS 0 = +2mecpy — 2MmeCDy — 2DyDy
2pyp (1 — cos ) = 2mec(py — py)

(1—cosf) (1 B 1)
mecC Dy’ D~
From the momentum relation p = hf/c = h/A\ we obtain:

h(1 — cos @)

MmecC

=X —-A=A\

Figure 2: Wavelenght dependency (1 — cos6)



2pypy (1 —cosf) =0

So 6 = 0, and therefor A\ = 0. If the electron mass was zero then the wavelength, and so the energy of
the reflected X-ray wouldn’t change.

d. If we didn’t considered the quantized photon momenta, i.e. using classical EM theory, the scattering
would be describe by the Thomson scattering. The incident wave accelerates the charged particle, which
will emit radiation at the same frequency as the incident wave, and thus the wave is scattered. The
particle’s kinetic energy and photon frequency do not change as a result of the scattering, so we would
expect a uniform distribution.

2.6

a. The four momentum vector is given by :
k0
- ( k )

+o00 +oo
/ dkO5(k2 — m2)0(k°) = / A5 (K% — K2 — m2)0(k°)

—00 —00

+o0 9 .
= / dk°S5(K°° — k% —m?)
0

Using the properties :

Sgte)) = 30 s,

with 2; = £Vk2 + m2 We obtain
T s 2yp0 T 00 + VR +m2) + 5(k° — VE? + m?)
dkOS (k2 — m2)H(k0) = dk A
0 |2V k2 4+ m?|

1 Heo =
e Ak (KO — \/ k2 4+ m?
2V k2 + m? /0 ( )
1

— 0o

2Vk2 + m2

b. The four vector transform as :
k— Kk = Ak
with A the Lorentz transformation. The 4-volume element transforms as:
d'k — d'k' = Jd'k
with J the Jacobian determinant of the coordinate transformation. Here we have
d*k' = |det(A)| d*k = d*k

So d*k is Lorentz invariant.

c. From (a.) we know that :
3
&k _ /d3k/dk05(k2 —m?)0(kY)
2wy
= /d4k 5(k? —m?)0(k°)

From (b.) we know that d*k is Lorentz invariant. Moreover 6(k? —m?2)#(k°) is also Lorentz invariant
as a scalar function. So the integral is Lorentz invariant.


https://en.wikipedia.org/wiki/Thomson_scattering

_ —aat t gt i
Dz(e7* ae*®') = —ale " ae* + e qale®

—zat t gt t -
= —e*qalae*® + e aa'e” @ (because a' commute with himself...)

= e (aa’ — aTa)e’mT

—zal T
— g2 20’ — o

=1

Czatizal
za’t2a7 (same argument)

b. From (a.) we know that :

—zalt t

e *vae*® =z+C
For z =0, we get C' = a.
aat t
e *"ae*® =z+a
t t t
ae®® =ze* +e*"a

So we have :

alz) = ae*® |0)
= (zemT + ez‘ﬂa) |0)
= z¢*" |0) + 2" a) |0)

= ze®' [0) = 22)

(nl = (0]
So :
(nl2) = (01 = |2

= == 0la” ]2

= =021

= =0l )

— o= 0

= \j% (0] (1 + za® + (Z2|)2 +..)0)
d We have :




First lets compute (z|z)

(2]2) = (0] €** |2)
X (za)*
= (0| Z -

|2)

+oo _
O\Z
+o0 sk
2k
k!
:e| -
Now we compute (z| ¢ |z):
Clals) = s (elatal|2) = —=((als) + (2l |2)
—+oo oo ,_
za
(z|a|z) = (0| :Zz(kz' 0|z) = zel*!
k=0
+oco _ Nk _
za (za
(z]a2]2) = (0 (k) - 22 < (012) = 22
k=0
+ = (Za)* t I 2k E 2
(zlal[z) = (0 ) @ 2) =) 5 (0a*a |Z>:Z;7< — 1 VEVE!|z)
k=0 k=0 k=0
N AR DE R E e
e RVACEN)] (k- 1)!
1— +oo (Z(Z)k T2 +oo Ek . 12 +oo —k
(zla]2) = (0] e |Z>:Zg<0|aa \Z>:Z — 2| Vk(k = 1)Vk!|z)
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f 2 k(k—1)\/(k—2)12F"2 = (z2)k=2 122
=z =7z
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2 1 £y2 1 2 t t ty2
(el g™ |z) = =5 (2l (a+al)7|z) = ﬁ((zw |2) + (2] aa’ [2) + (2| a’a|z) + (z[ (a')7]2))
A “+o0 (Ea)k : +oo Ek . T +oo _
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too (Za)k T sk T sk
(z|ata|z) = (0] Z TGTG‘Z> = EZ(O‘ atal |z) = —z( —1|VEVE!|2)
’ k=0 " k=0
_ Z k k / — 1 .. 400 (Zz)k_l _ ‘Z|26|z‘2
\/ —1)! 2 (k- 1)!

Finally we obtain for :

P R S i e Sl e ) D

7= 2 - 2 )

Ap? — P —p)? A+ -2P+1-(2-2 1

P = 2 - 2 )
Therefor we have 1
ApAq:§

e. Lets suppose we have an eigenstate of al express as |2/) =" C,, |n) with an eigenvalue A

al |2y = af Z Cy |n)

n>0
A2y = ZC’n\/n—i—l\n—&—U
n>0
AY Culn) =) Cuvn+1ln+1)
n n>0
n n>1
Cn = anﬁ - COA\{LH

For A # 0 we have
— (0]2') = (0] a' |
by
= Co1Vn(0ln)
n>1

=0

Therefor there is no eigenstates for af.

3 Classical field theory
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